We study in this paper the properties of a many body system of fermions obeying exclusionstatistics (Haldane liquid) where the origin of exclusion statistics is coming from an interactioninduced displacement field a k introduced by Sutherland (Haldane-Sutherland liquid). In particular we show how the Luttinger Theorem becomes compatible with exclusion statistics as a result of momentum conservation and adiabaticity. As a result, the low energy properties of Haldane-Sutherland liquids are Fermi/Luttinger liquid-like.
We study in this paper the properties of a many body system of fermions obeying exclusionstatistics (Haldane liquid) where the origin of exclusion statistics is coming from an interactioninduced displacement field a k introduced by Sutherland (Haldane-Sutherland liquid) . In particular we show how the Luttinger Theorem becomes compatible with exclusion statistics as a result of momentum conservation and adiabaticity. As a result, the low energy properties of Haldane-Sutherland liquids are Fermi/Luttinger liquid-like.
PACS numbers:
Introduction-The notion of statistical interaction was first proposed by Haldane [1] . Let the number of available single particle states for a many-body system of (spinless) fermions from momentum range k to k + dk be (
d z(k) where z(k) = 1 for normal fermions. Haldane suggested that the effects of interaction in many interacting systems can be captured by an interactioninduced renormalization of the fermion density of states which depends on the number distribution of all other particles [1, 2] (z(k) → z(k; [n]) = 1). This is the case for one-dimensional Bethe-Ansatz solvable models where exclusion statistics can be understood as the result of an interaction induced displacement field that shifts the momentum k carried by particles [1, [3] [4] [5] 
where k and k 0 are the kinetic and canonical momentum of the particle, respectively and a k [n] is an interactioninduced displacement field acting on the particle with momentum k. For spinless fermions in one dimension, the displacement field a k has a form
where
represents scattering phase shift between particles [5] . The low energy physics of the system is characterized by the displacement field together with a free-particle Hamiltonian,
This particular form of displacement field a and Hamiltonian has been generalized to dimensions d > 1 phenomenologically by Sutherland, where
The system is characterized by the same Hamiltonian (3). We shall call the resulting fermion liquid the ideal Haldane-Sutherland (HS) liquid in the following.
In this paper we study the low energy properties of ideal HS liquids in arbitrary dimensions. In particular, we wish to investigate whether HS liquid can be a suitable model for strongly correlated electrons in dimensions d > 1 and whether there exists any connection between HS liquids and Landau Fermi liquids [7] . More specifically, we consider a system of spinless fermions where the kinetic momenta carried by fermions are shifted by an interaction-induced displacement field,
with
where g kk ′ is general, phenomenological function which may or may not be related to scattering phase shifts as in 1d Bethe-Ansatz solvable models. The Hamiltonian has kinetic energy term only as in (3) except k → k.
The relation between the displacement field a k and exclusion statistics can be seen most easily by noting that the shift in kinetic momentum k 0 → k results in a coordinate transformation of the system when the quasiparticles are labeled by kinetic momentum k, where
| is the Jacobian for the transformation between the coordinates k 0 and k,
is the transformation matrix [5] . The Jacobian z(k; [n]) describes the renormalization in the density of states (DOS) of the system when the phase space is transformed from canonical-to kinetic-momentum representation [5, 8] . The dependence of z(k[n]) on occupation numbers [n k ] is precisely exclusion statistics.
For ideal HS liquids, the ground state describes a filled Fermi sea with volume given by
where ε F is the Fermi energy. We note that the Fermi sea does not enclose a volume that satisfy Luttinger theorem in general when z(k; [n]) = 1 [1, 2, 9] .
As an example we consider the ideal HS liquid in one dimension with ε k = k 2 /2m and g kk ′ = πγsgn(k − k ′ ) [4, 5, 10] . In this case, it is easy to obtain from Eq. (2),
and the Fermi volume is given by
= πn is the Fermi wave-vector for spinless free fermions in 1d. We note that this result violates the Luttinger theorem [11] which was believed to be satisfied for general interacting fermions in one dimension with ground states that respect translational symmetry [12, 13] . This is a key issue we shall address in the following. For convenience we shall also introduce the "excluson" particle number [2, 10] in the following.ñ k satisfies the inequality 0 ≤ñ k ≤ z(k; [n]) = 1 which is another way of expressing exclusion statistics [2, 4, 5] .
Quasi-particles in Haldane-Sutherland liquid -To understand the role of Luttinger theorem in ideal HS liquid we have to understand the properties of quasi-particles in HS liquid. We start by recalling quasi-particle properties in ordinary Fermi gas where a quasi-particle with momentum k is generated by adding/removing a particle to/from ground state.
In this case, the added particle can be represents as a change in particle distribution
The added particle carries energy ε k and momentum k. The velocity of the quasi-particle is
The situation is rather different for HS liquids where the momentum carried by all other particles are shifted when a particle is added into the system.
] is the momentum for particle in state k when the system is in its ground state and δk is the momentum shift when an additional particle δñ
(particle number conservation) [8] or
k are the excluson occupation numbers of the state k after and before the particle is added into the system, respectively, ∆ d k and ∆ d k G are the corresponding phase space volume elements around momentum points k and
Expanding Eq. (8b) to first order in δk we obtaiñ
i.e., the shift in momentum results in a change in occupation numbers
k for k = p. The added particle together with the induced changes δñ k defines a quasi-particle in HS liquid [5] .
The total "charge" carried by the quasi-particle is
since shift in momentum doesn't create or destroy particles.
Using Eq. (8a) it is also straightforward to show that the total momentum carried by a quasi-particle (p) is given by
We see that the total momentum carried by the quasiparticle is the momentum of the bare particle + the total shift in momentum of the particles in the Fermi sea as a result of the displacement field.
Similarly, the quasi-particle energy is
to first order in δk. The velocity of the quasi-particle is v p = ∇ Pεp .
Next we determine δk. Using Eq. (4), we obtain
. Expanding both sides of the equation to linear order in δk, we obtain
which is a linear equation for δk.
As an example, we consider again 1d spinless fermions with [5, 10] . It is easy to show that
where p 0 is the canonical momentum of the particle and
F . Using Eq. (4), it is also easy to show
Notice that the quasi-particle velocity
has no discontinuity across |p| = k F [5, 10] . We shall see in the following that the result P (p) = p 0 is not a coincidence but is a general property of HaldaneSutherland liquids that respect translational symmetry.
Momentum Conservation and Luttinger Theorem-
We consider a system of interacting fermions moving on a lattice with size L d . Employing periodic boundary condition, the total momentum of the fermion liquid is quantized with
where n i 's are integers. The quantization of total momentum is a result of lattice-translational symmetry of the system and is independent of fermion-fermion interaction. Next we consider HS liquids. In this case the total momentum of the system is given by
., l id ) are the canonical momentum of individual occupied states k i , and
is a correction term coming from the displacement field a k , m i = n i − j l ji . In particular, as the displacement fields are results of fermion-fermion interaction, it is expected that P c = 0 and P tot = P (0) tot if the total momentum of the system remains invariant when the interaction is turned on adiabatically. This is valid as long as the fermion-fermion interaction term respects translational symmetry and there is no spontaneous symmetry breaking during the process when the fermion-fermion interaction is turned on.
For HS liquids, the condition P c = 0 implies
and g kk ′ = −g k ′ k , which is satisfied by Bethe-Ansatz solvable spinless fermion models in one dimension (Eq. (2)) [5, 10] . As a result, in the case of adding one particle into the system with zero initial total momentum P tot = 0, the total momentum carried by the added particle is
We have used Eqs. (4) and (13) in deriving the above result.
We now consider an excitation in a one dimensional HS liquid where a particle with momentum −k F is moved to momentum k F or vice versa, i.e. we move the particle from one side of the Fermi surface to another. This is a zero-energy excitation with momentum transfer ±2k (0) F but not ±2k F because the total momentum carried by a quasi-particle is ±k
F . This result is in agreement with the proof of the Luttinger Theorem by Yamanaka et al. in one dimension [12] , where they prove that a fermion system always has zero energy excitation with momentum transfer 2k
F if the system does not break translational symmetry. The argument can be extended rather straightforwardly to dimensions d > 1. In this case we can construct zero energy excitations by moving fermions from one part of the Fermi surface with Fermi momentum k F to another with Fermi momentum p F , the total momentum transfer is p (0)
agreement with Oshikawa's proof of Luttinger theorem at d > 1 [13] .
It should be noted that the "proof" of Luttinger theorem here (and in refs. [12, 13] ) does not measure the Fermi sea volume directly which is what the Luttinger Theorem is supposed to address [11] . The distinction between the Luttinger theorem (measured by momentum transfer) and "real" Fermi sea volume can be seen by an example of spinless fermions on a 1d lattice with [5, 10] . In this case the Fermi volume is given by Eq. (7). The fermion band is filled and the system becomes insulating when k F = (1 + γ)k (0) F = π (assuming γ > 0). Nevertheless the momentum transfer from moving a fermion from one side of Fermi surface to the other side remains to be 2k
F , independent of the exclusion parameter γ, i.e. we observe that the Fermi sea volume measured by Luttinger Theorem is not renormalized by fermion-fermion interaction all the way up to (1 + γ)k (0) F = π when the system becomes insulating, in agreement with Fermi liquid theory [14] . The approach of the system towards insulating state is indicated by the "real" Fermi sea volume 2k F , but not by the Fermi sea volume according to the Luttinger theorem = 2k
Effective Fermi liquid description and spin-1/2 fermions-The above "proof" of the Luttinger theorem in ideal HS liquids suggests that it is possible to construct an effective Landau Fermi liquid-type theory (or Luttinger Liquid theory at one 1d) describing the low-energy quasi-particle dynamics in HS liquids. The Fermi/Luttinger liquid satisfies Luttinger Theorem in the sense we describe above.
For ideal HS liquids, the construction of effective Landau/Luttinger liquid theory is straightforward in principle. There is no scattering between quasi-particles and the quasi-particles occupation number represent exact eigenstates of the system. As a result, the energy of the system is a functional of quasi-particle occupation numbers n, E = E[n] and the (semi-classical) low energy dynamics can be determined by expanding E[n] = E[n (0) + δn] to second order in δn. n (0) being the ground state quasi-particle occupation numbers, following the argument of Landau [7] . The calculation is complicated by the fact that we have to take into account the shifts in momentum, and correspondingly the quasi-particle energy as δn changes.
This calculation has been done by Wu et al. [10] for 1d spinless fermion systems where they confirmed that 1d HS liquids are Luttinger liquids. The construction of the effective Landau energy functional and corresponding transport equation can also be implemented for dimensions d > 1. The calculation is straightforward but tedious. We shall report these details in a separate paper.
Lastly we make a few comments about spin-1/2 HS liquids here. The Bethe Ansatz solution for spin-1/2 interacting fermions at 1d results in a low energy effective theory with spin-charge separation [15] . This state can be described as an effective 2-components HS liquid with the 2 components being spin (s) and charge (c) [16, 17] . The charge and spin "quasi-particles" are characterized by quasi-momentum k's and rapidities λ's, respectively which are determined by displacement fields a c(s) that depend on quasi-particle occupation numbers n s λ and n c k ,
where α, β = c, s and p(p ′ ) = k, λ for α(β) = c, s [16] . This description may not be applicable to fermion systems at dimensions d > 1 where spin-charge separation does not take place.
We propose here a simple, phenomenological description of spin-1/2 ideal HS liquids at d > 1 with no spincharge separation. The quasi-particles in this HS state carries both spin σ = ± 1 2 and kinetic momentum k σ . The momentum k σ is determined by a spin-dependent displacement field
where k 0σ is the canonical momentum and
is the generalized spin-dependent displacement field. Following analysis for spinless fermions we can show that the resulting quasi-particles carry spin-1/2 and unit charge. The system satisfies Luttinger theorem (in the sense of momentum transfer) if g kσ;k ′ σ ′ = −g k ′ σ ′ ;kσ and connects to Fermi liquid theory as we described above.
Summary-In this paper we study the properties of ideal Haldane-Sutherland liquids at arbitrary dimensions and demonstrate that momentum conservation and adiabaticity leads to a proof of Luttinger theorem for Haldane-Sutherland liquids. The Luttinger theorem proved this way relies on measuring the momenta carried by quasi-particles and does not measure directly the volume of underlying Fermi sea. It should be noted that the key identity g kk ′ = −g k ′ k we derive in this paper (and its generalization to spin-1/2 systems [15] ) has been known for 1d Bethe-Ansatz solvable models. The relation of this identity to momentum conservation and adiabaticity in HS liquids is the new finding in this paper. The theorem connects HS liquid to usual Fermi liquids and implies that the low energy properties of HS liquids are Fermi liquid-like (or Luttinger liquid-like in 1d). It provides a plausible microscopic mechanism of how the Mott metal-insulator transition may occur in fermion systems and suggests that HS liquid may be a good starting point modeling strongly correlated electron systems. 
